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oracle O 𝑢 = ++− +−
𝑣 = −++ +−

𝑋1 ∶=
𝑋2 ∶=oracle O’
∪ =

Observation: ⟨𝑢, 𝑣⟩ = 3ℓ − 2 vol(∪)

𝜀 ∶= 1
4√ℓ

𝑞 queries
– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖



(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

algorithm A’

Lower Bound for Objects3

Fact: Ω(ℓ) queries to oracle O are needed

algorithm A
⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

oracle O 𝑢 = ++− +−
𝑣 = −++ +−

𝑋1 ∶=
𝑋2 ∶=oracle O’
∪ =

Observation: ⟨𝑢, 𝑣⟩ = 3ℓ − 2 vol(∪)

𝜀 ∶= 1
4√ℓ

𝑞 queries
– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

𝑢𝑗? / 𝑣𝑗?



(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

algorithm A’

Lower Bound for Objects3

Fact: Ω(ℓ) queries to oracle O are needed

algorithm A
⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

oracle O 𝑢 = ++− +−
𝑣 = −++ +−

𝑋1 ∶=
𝑋2 ∶=oracle O’
∪ =

Observation: ⟨𝑢, 𝑣⟩ = 3ℓ − 2 vol(∪)

𝜀 ∶= 1
4√ℓ

𝑞 queries
– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖 ≤ 𝑞 queries

𝑢𝑗? / 𝑣𝑗?



(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

algorithm A’

Lower Bound for Objects3

Fact: Ω(ℓ) queries to oracle O are needed

algorithm A
⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

oracle O 𝑢 = ++− +−
𝑣 = −++ +−

𝑋1 ∶=
𝑋2 ∶=oracle O’
∪ =

Observation: ⟨𝑢, 𝑣⟩ = 3ℓ − 2 vol(∪)

𝜀 ∶= 1
4√ℓ

𝑞 queries
– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖 ≤ 𝑞 queries

𝑢𝑗? / 𝑣𝑗?

Conclusion: 𝑞 ≥ Ω(ℓ) = Ω(1/𝜀2)



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries
– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖

– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋1

– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋2

– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋3

– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋4

– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋4

– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋4

1/𝑛– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋4

1/𝑛– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

1/𝑛

algorithm A oracle O

algorithm A’ oracle O’



Lower Bound for Objects3

⋃𝑖≤𝑛/2 𝑋𝑖(1 ± 𝜀) vol(⋃𝑛
𝑖=1 𝑋𝑖)

𝑢 = ++ − + −
𝑣 = −+ + + −

⟨𝑢, 𝑣⟩ ≥ √ℓ
⟨𝑢, 𝑣⟩ ≤ −√ℓ

⋃𝑖>𝑛/2 𝑋𝑖

⋃

𝑢𝑗? / 𝑣𝑗?

𝜀 ∶= 1
6√ℓ

𝑞 queries

⋃𝑖≤𝑛/2 𝑋𝑖 𝑋4

1/𝑛

≤ 𝑞/𝑛 queries

– vol(𝑋𝑖) = ?
– 𝑥 ∈ 𝑋𝑖?
– random 𝑥 ∈ 𝑋𝑖

1/𝑛

algorithm A oracle O

algorithm A’ oracle O’
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