Convex HulLs

Convex Sets are 800l , but 8%& ndyg, A
rre . (Whem uglines is inevitablepeg,
[A/Sua.Uj wnp £ 53 o %V{:je m;_q,%

Tfu S oome o,pp&‘e,s &ue,, Cqu s WM
s named Convex fadl

d,.,f comuvex fudl

The Convex */Lufieﬁ o Genem Sef SQR%
dencted Conu(S), [ bhe Smallest

(fn tHh Semee of set fmluvdi&n\) Conirex set
that Cemtaing S _ 7)'1 o ttue words -
Cov($) = [\ C . jbyler 6, i¥s

indeed convex

O Canvex ' . .

oS | 3 lonv(s) raists.
ey Do oy
Comv(S))

S
b > T
S

Conv(S)



‘)

Pictorily, finding o Convix fuull of
S s Sﬁm‘n&}rg. o bollsen that
Conteuns S ' One m WO'M{M
U\,{ other waz TM: &J‘m,t rf We Urpmd"

oY “9rm" o Cenvex et fﬁm S9

db{’ Conlex Q.Xpmsfen )
Conirex e/xf;mto'n 0£GL set § QRA,
ted 2xp(S) , 43 b set ofall
Pr:s:ifo(z Conviex CombinddionS af pofn'fS
n S In otbur werds :
exp(§):= { 15; AiXi 1 heN, % Xaef,
2= m-,--,x,,ao}

Note that exp(s) s mteed Convex : T;a.ke
omyg o points, Som f:o(m ondl %8;3;
f-n;m ?,xp(g) , 115 604-3, bo See that

A ( gu;x() 4 (lﬂﬂ(glfgi% )
IS 0goin in exp(s) provided Xxelo, .
The Maumwf‘ g »h.{-l‘ OS exerLise .

We cowld N@ud exp(8) ax Hu "mort
gcomomic wwa to make S Comlex .
Recalk cle,)[” require that a Convex et
Shoutd be Chosed wnder Conlex Combiradion
and thot's Lxactly what exp(s) tries '
Seo thbe not So BIM'P’Tin' Ey , f'[t&
“ohrink amd "W-ﬁkz‘ﬁ(‘,oind&Q :
Lomma 19 .

Conv(8) = exp (8).

P"‘J:- (¢ QXP(S) 13 o Combax yet,
wihich “padieipaies in' He infertedion
that defind comu(e) . So opcewte
Cmv(S) € exp (9).

(2> V(Eaxo) e exp(s) mustbe
in Comu(S) o well becouse
© Gnu($) 28 2 §xi,, Xn}
@ Conv(s) 1§ convex ; bg d'gf” *
st Comtain Comvex Combination
0’3’ K‘J“‘:X’n . m .



Belrw we gawe yek Onatiar Charoutedsion
oF Conrx s. It Simpu)tits the
Comuvex sets that partidipate in Har

CnlerSedion |

Lomma 1. For SQR&, we hove

g A = ———

)

To addidion, E—jﬂ 8 is finite, themn
CV\W(S) = H:qu H

2§
IHasl2d

Prm} ) qud Care. Olwim(‘d we
hove Comu(S) C RHS |, So T remouns
fo shew Conv(8) D RUS .

Toke o porint xe RHS, Suppne o
Hha tontram—that X ¢ Conu(s), Then
the two ConVex sets 1%} amd
Conu(S) owe Gispowt , Thus Sepurited

(nof I’\LCﬁbS(Mﬁ% ;friof(f) 53 o {"‘JWM }(_

B thi there s &

éafml,fSpace (Exouo*f7 Ha

KE
K e Sidte of K) that Confass

Gmu()2 S butmat Comboaving x |, G
me‘had):,{-;rB that X €RHS .

() Frnite case: tha W{’ 's verg Sieglt;

bhiene thet tpate o
[Hns]< d shell covitmin
O‘h(\]“la\)}ﬂ"smﬂ He Hi2S: I%QSI
= Hans|=d . 4
M H lbﬁ; ’/!f.////
f.' : /f(ﬂ-,"/ﬂa

Remork., Ad‘wﬂy the M (O s {’n“sﬁ.j:

(We wse a veflion of Sgpscatron
Aherrem than one stated in Theorem 7
The techrical issue s - Conu{g) Wﬁ“ B
ot be Compact evem ;f S s compact , So
Theortm 2 is 100 weak . The sbrawger prsion
S !\Of_ tro hard to prove , but #.:?Z/m
fechducad defaily that we wasd © omit




“rw - o A g vy

-~

Jemmait tells us much abeut tha | MM 55 C&m%@.
SMPQ, of o convex dwkl when S i

%I‘M{ZQ : Cuite T;h““b'"B (&?&%M&)
Corollory 13, For oy S € R upprse. SCR® with n:= (9] For

) Cmv(?) 15 & eomt;g P°%0n>whﬁt cpozwc yf& Comu(S) , there W‘S*lﬁy
Veafices mfmm S | R pOtntsfru'ms‘, S0y Yoo Xgan , that
Pr*oof-. Cxercise . @ d € CW‘/({%"W‘ Xdai} ) .

7, Aigher dimemsions , we Could oo Suffitiedt b Veme
Seejc‘ Conv(S) %g%&d) s brwmeded 5 fm
by Finet . efort. proving i, B gain Srue infuifim
g o s e“'apuplws. These . L\LP "% ! 3

S‘lpres on, U][{o..f" in most poats (n t case d=a . As we of

seen, Conu(S) /s a Comvex
-p - i ' ! "
exhibily “edses oY T Corneqs Somewhere Xy PO%W in Hus EoAe

Tn othewords, Oﬂ? @ few points o
e y

va-y ot notweal %wmﬂjsaﬁms o’f-&wm %0 So we conld tfimmaa.f.aiz ot
pe[@go’m! and. oreatitled /”{)o f'bpe.s"_ Y2 amd g, Lizy fn E¥% oML o){\ Hu
Corlex Eriomgles . we Cowld therse

L Alter BB umdecstomding the bowic sy %o ¥a )% bo be Hu vudites of Hoat
of- Cornvey Pukls fw ite oty Ld"i g jt”lmé‘[e v fh@ﬂeC”V(fk.,Xz,x,,})
meve e to preset Sureral more w So tha bosic cdea of Hu pr@ﬁ 7S |
proputies o Comvex bl We short to ¥ Eriamgulate” R, (mvex
wl'H'l O r&/HﬂU 3.2_(71”&,?‘"(: amel ;'th‘vo. Pa’{& e O{Wse, Hire is ho 'I'fffallé




Eqsm&“’;ﬁfﬁ ’ ﬂum whare £i' ome wnknowns . There ore
(o Simpax., Y " 1) mbensuns ond %)qwims (nete
O'j’ bl anf below, We Moﬁ ya Hhed TR X —o 1S & edor 'Zimﬁom) :

Sivpl Hu Polytope tRARHLD
- ~‘ 5'7"1 ,C{l)md{?afplg I.H. h But_ nH =z d+3 > d+t 5 So tLu r?’ﬁw

Iz A LV A
{'Lll Bmu(u P#LB"DPQ . %M . hon-ﬁdSQLm'Ho'h (ﬂ,, M (ﬁnm ‘
Preef. _ .
ﬁtm&nfn&u&‘ww n. The bose N‘mm%t@h@; ond yield
cone n < dtd 1S Vorusuily Brue. Y= f:(f/d’wila) X
Now we do tndution dgp M sndzd (=t
Foe cubitrary teR The remaining
S inee }e Conv () ZQ"(P(S) » We th S e - Cheose  ti=-hin Al
Cowld write & o0 Mg,_ ekl
Y So that ot Least one COQHFGGM*
g = & AN ® (f:ﬂg%—)) heComes Joro, While ethe

Our good s to move the weight of Sexe  remain poR-ragatie , 30 Elar maer
.()".30 ondo other Xi's (e remwe qe%g’s Cnvolued in CKPNQSIV? Y T

a Simplex whose top 15 WY ;) reduced by owe F"“"ﬂ? , Chek Hok
To Hes ond, e Comides Hae GYatem ?i(’cﬁw?u) = ",)i)c =4, 36 LH.
of Lirsse 22ndimS opplies. m

ht4
.2_;(3:’9(5 = 0 @ |
{ : B;:—.G @ @ RMJ’M*& Wﬁa[y fh(nﬁdﬁ‘mgf@z



{:&"ngﬁ sema f5; by CDMBimﬁm,fo;{m J/Ar
. Hhe wid T 1S 8 -
& %ﬁ"a fmﬁﬁ; ipﬁﬁfﬁ/

ho mare omd no less .
Next We pmcwﬂ to o thestem Eé!Rm&m
(Ohese Preo)f is shart but twelv€s clurer
Glgdrai,c tricks .

S‘wppne SSRd {mf,n h::’gl?t)(-#;l.
Then we Gudd partition S cnfo StuS
Suwh that v (SY) 0 Cu(S) #2.

Preif. dat S= {0, .2}, We trtnd

eoch Vedw X; by appending am extra
Covrdinate : / 9”“’3

A
X; == [_'fg} < IP\JH‘

A

Now Comsidee the ﬂjw&}rﬂm
ii&' A X = 0

(UJUJ‘C we hove h Umkn rwns ()l; "~y }n\
ond cl+1 < d+asn efusbions = So
thare woists a nonbriviad Selution s}

AH"‘/}“, T han we C&MSP&{’%

auordi% fo §1443 ; ﬁyw_uy'
I*:={ietn): hzol #4 ,
I-:= 3ieh): Ai< o} + 4.

And we weuld denve )

Z )i Xi = Z (_))xd SO TS
5\%1* eI~
.- ®
{ = l) €~ e to Hu
%*2 %g J a%tw&d Croriied

This s almat dene ; note Hat © SJUQ}
ns o Vecksr that Could be expre.sserl

both 5? {2« text] amdbfx;: jer.
The tnly issue is that (58 not necessen

0 Cowiex Combinatiow. Bub if e be
& to scale both sides, tHan Hu PmBluu
(s resolved . wr{h\a the idea down:

Divide ® b(\, @), we hove



Remark.. The
the ngdamlc ;vaﬁ of

2 A > (=A%
cert =  Jer R y
pAV S .
“ %I_Qaa)
W Se dm«(y ge EXP((‘X;: iel*})

and ot the some ime Y e “P({xi’éeﬂ)'
chz.]trrm imm we See
g <€ C.cmu(f’(;: EGI“‘}j N Cony (‘fx) j@.l‘}) a

{rrwwulioi‘e FEWMJJ wd O;
a obswt sef

Sy stewns: "{f a sef Wm,{g 2D fas

> daa Stts, th We Could find digeint

Swh s ystem) A AN e A swh that )
= A Nh& A= D A .-
}‘JeA'A ﬁke{{* Agr Aef!

et e vemi

Rodoms Eheonen has o Wuﬁ version,

WMM% TMQ;,’& Phwo rem

Theorem 15 (‘Waﬁag,)

Suppma S¢ [R.l with n:o IS' B(f"-qxtlg}d
Than e Could po«h‘f&m S t;rl?G, dsjrnt
S*l. Oy Such H'lﬂ./(: OCan(S;);éQ
L[_ l)rw} is stll bosed o algedraic
ufuu:g_ueg, but We Shald nof Poﬁu‘f
fere .

Roden’s theorem has Some, 5%&

Condeg uentes ugmp’t‘
below by W f”% Stotes Fhat aﬂ)-

Wwise {nfesdedionS of 71 Conbrex Stis
RS s emuﬁt‘f'o e»«fme N-torSe
{nterSection

Theorswl CHelly)

Givm n ConvexSefs G4, .-, Ch ‘ZR&
Such that any (D of thum tnfesed

Tﬁw—uﬂ a—f.{;’la.w (nbresect
Prmf, We Pfaawf ba indutlion on .
The bese case %= dra s trivial .




New we T fﬂm ntonir= dea
e will Lot wse Ha ‘kzy ]Cu.d*be{m:

[£ 1o take wadiple points from an
(e Sefion erjz Convex Sefs Fhan Hu
Vf Huie Fﬁﬂts ¢l

ek

Al _
;o in Hhw  intbesechon . (wh(y').\

®

i&/f nAa m.! h+4 PO;n",S X, Vavy, qnaq'.
art

By Radems Hruorem , We ol pactition

Tpaal =T QT Such that

C,o*hv( XI_) 0 me(Xﬁ) + Qf

(e trke ye Conv(%;) 0 Comd Xzv) owd

obSurve what I&aﬂ)ws, -

. B(j olg,};wihn of Hu X:'s , we & new
X € N C; awd Xpe ) Cy

per’ ser”

» Sp of Conrte
Omv (X)) € (VG
I ) jert J (63 Hhe {:@d
Canv (X_:Q - J(QI-CJ- m Flu f.eﬂ-)
Honee 4 _
9 J(;\fnailcj ) n

To contbuds Hus Seckion, tue, gave @
nice a,ap&‘cah‘wcf Prelly's Cherrem .

In 0'7!0,-0(;%[‘3;4 we ﬁrwe Hu hekien

:f/é“mzdiomsn, 2, @ print thet Could
e UL cr/ Hu pornt Set f-‘rrm botl;
sides ﬁ)dg Po;huﬂu of Hum
S a waw:[aa notion  in ’&?&u ollmlnémﬁ
R Ry ‘Tke 3mua€isel fear

e o IS the "Cw‘f‘upM",
dof Conterpoint

A Conterprnt m Fot o givm /)o;wf
?‘fds ‘f—_ﬂ}a 18 oy print q'etRA I
"; pup[om ossing Fhe X,

bff?h Sides M;ﬁmc Zz%aihs > &;r'ilgl
poinie from S



s i . | that doesnt Comtuan x| Chen the
. .:cl»::'?"'* o L-W'pom* CVW\{)({W &olfSpm H Hons
. [51703|<' sjglsl omd xeH whick

 Note $hat we could not L)Ot Hi Crmatant fé) Ofru%h?dicfubn f» Hu d.v.f»«‘wiﬁm o—ﬁ
eviferPyinis,

(&) Similos

a ?

‘a::_-q‘ to SO’M%MW é 3 o{-huwige
Comferpvints cleasly don'e txist in m |
Cohes (fw imtmade +ha (op-right piehne)

Buf W\s wnedene whether Cw‘fu,ooid;

alwa,éfxs eaist, Proving existente wonld need
a’mb'c;—ms woe O’JF Helly's Kluorom .
Thesrem 17 (Conterpoint Guarem)
For oy gavon finate prinfret SERT,
fhbl‘t O.E«My gk CemTedpring N ¢
e P i %b%sw,muuﬂdly’siw

PM}M need o Sﬂig{*(y dx;/uw ol reduce Hu;)rnf fo s&mz‘y

¢ asobion oﬁ CW?"UPBM"S d ﬁ Con (Aﬂ 2 d

Cloim %15 Cw*upm'n’rﬁ'r S d A= )

T e Yhatfspace N : (Hosl> 7o lsl fo A - Adsy e Bt ts
munt Contaun % . 1S eosl - 33 d&}i""‘h‘m Mt\ Uty mdﬂl

Suppost #
(-—-ﬂgf‘lwt"s srme fudfspace H- ,““S}J’:(S:l. > 'ﬁ‘iisl , S° 2[4;\7»0('18\,



e N ™

E}tMS ing | i
y ] p\y d-\s! ticks m?‘w
FSTMns in total ) but ot

Ue‘a Coliwmm Has to Aeorn
o va,cwlﬂa Hien woe ould



