
Markov Chain Toolbox

Distances and inner products

∥µ− ν∥ :=
1

2

∑
x∈X

|µ(x)− ν(x)| = max
S⊆X

|µ(S)− ν(S)|

∥f∥p :=

(∑
x

|f(x)|p
)1/p

|f |p :=

(∑
x

|f(x)|pπ(x)

)1/p

Eigenvalues and eigenfunctions

⟨f, g⟩ :=
∑
x

f(x)g(x)

⟨f, g⟩π :=
∑
x

f(x)g(x)π(x)

∥f∥1 = 2∥f∥
∥f∥2 =

√
⟨f, f⟩

|f |2 =
√

⟨f, f⟩π
∥f∥∞ = |f |∞ = maxx |f(x)|

∥µ− ν∥ = inf P(X ̸= Y )

(Xt), (Yt)

Exy(ρ(X1, Y1)) ≤ θ < 1

ρ(x, y) = 1

d(t), d̄(t) S := reachable states

∥µ− ν∥ ≥ |µ(S)− ν(S)|

Path coupling

Coupling via MC coalescence

Coupling via variables

Diameter bound
Cardinality bound

Bottleneck ratio
(i.e. conductance)

Second characterisation of TV

Q(x, y) := π(x)P (x, y)

Φ(S) :=

∑
x∈S,y ̸∈S Q(x, y)

π(S)

Pπ

(
Xt ∈ S | X0 ∈ S

)
≤ t · Φ(S)

∃x ∈ S : Px

(
Xt ∈ S

)
≤ t · Φ(S)

Distinguishing Stats

or Cauchy-Schwarz
Chebyshev

{fi}, {λi}
λ1 = 1 > λ2 ≥ · · · ≥ λ|X | ≥ −1
γ⋆ := 1−maxi>1 |λi|
γ := 1− λ2

trel := 1/γ⋆

B(e) :=
1

Q(e)

∑
xy∈Ẽ:e∈Γxy

Q(x, y)|Γxy|

Other parameters

E(f) := ⟨(I − P )f, f⟩π =
1

2

∑
x,y

(f(x)− f(y))2Q(x, y)

Spectral gap
(or relaxation time)

Strong stationary times

Dirichlet form

γ = min
f ̸=0

⟨f,1⟩π=0

E(f)
|f |22

⟨f,1⟩π = Eπ(f)
⟨fi,1⟩π = 0

= min
Varπ(f )̸=0

E(f)
Varπ(f) f(x) :=

{
π(S) x ∈ S

−π(S) x ∈ S

∣∣∣P t(x,y)
π(y) − 1

∣∣∣
= |
∑

i fi(x)fi(y)λ
t
i|

Cauchy-Schwarz

|λt
ifi(x)| = |P tfi(x)|

≤ d(t) · ∥fi∥∞

Wilson’s method

Product chain

Chain comparison

Path method
(congestion)Canonical path

tmix: upper bound lower bound

γ = minj wjγj

E(f) ≥ αẼ(f)

Ẽ := E

P̃ := (πT, . . . , πT)T

f(x)− f(y) =
∑

e∈Γxy
∇f(e)

∇f(u, v) := f(v)− f(u)

Cauchy-Schwarz
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